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Abstract

“Duality in mathematics is not a theorem, but a principle.” - Michael Atiyah
In this note we go through several important Banach spaces. We will give the definitions
and some useful properties of the spaces. Furthermore, we will discuss the dualities of

these spaces, which will establish connections among them.

1 [P space

Definition 1.1. For a p € [1,00), we define % := {z = (z1,22,...) : xy, € F, ||z, <

oo}, where the norm is:

> 1
lzllp = (D lanl?)
k=1

Definition 1.2 (Hélder’s conjugate). We say p,q € (1,00) where % + % = 1 satisfy
the Hélder’s conjugate.

Definition 1.3 (Dual Space [2]). The dual of a norm space X is X* ={0: X — F:

6 is linear and bounded}.

Definition 1.4 (Operator Norm [3]). Let A : V' — W be a linear operator between
normed spaces. The first four definitions are always equivalent by [4], and if in addition
V # {0} then they are all equivalent:

|Allop = inf{c > 0: ||Av|| < ¢||v|| for all v € V'}
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— sup{| v : o] <1 and v eV}

= sup{||Av]| : |lv|| <1 and v eV}

= sup{||Av|| : ||[v| € {0,1} and ve V}

= sup{||Av]| : ||v|]| =1 and v € V} this equality holds if and only if V' # {0}

A
= sup { ”HUT\)\H v#£0 andw € V} this equality holds if and only if V' # {0}.

We skip the proof and remember these as a fact.

Theorem 1.1 (Holder’s inequality [1]). Let (z,,) and (y,) be sequences in R such that

oo o

(> |znlP) and (> |yn|?) are convergent with p and ¢ satisfy the Holder’s conjugate.
k=1 k=1

Then:

') ') 1/p 00 1/q
S [ontal < (z w) (DW)
k=1 k=1 k=1

Theorem 1.2. The dual of /P space is £9, where p and g satisfy the Holder’s conjugate
ie % + % =1 (p, ¢ € (1,00)), and we write it as (¢P)* = (9, i.e there is an isometric

isomorphism between (¢7)* and 9.

Proof. Define a map
T: 01— (P

(Tz)(y) = anyn , where z € ¢? and y € ¥

n=1
Well-defined: First observe

N
L
(T < Jim 3wl

and using the tHélder’s inequalityi, we have

N
li <
Ngnmnz_:l [znyn| < llzllqllylly < oo

so Tz is bounded, also since this map is defined by an absolute convergent series, so

the linearity comes naturally. Hence we have the map T is well-defined.

Boundedness and linearity: Now if we fix a particular = € £, then by the definition



of L)perator norml and lHélder’s inequalityl:

[Tz, p = sup [(T2)(y)| < sup [lzlgllylly = Izl
lyllp=1 lyllp=1

and we can take the x out of the norm:

|17] = sup [[T2]lp < sup faly =1
llzllq=1 llzllq=

therefore we have T' is bounded for every = and y, and the linearity comes naturally

from the series definition again.

Note this boundedness and linearity are different from these in well-defined, since here

we are talking about (Tz)(y) € R, and in the previous part we are talking about

Tz € (0P)*.

Surjectivity:
First consider the case when p,q € (1,00). Let 8 € (¢’)* and e, be the standard
sequence. Then define z,, := 0(e,,) and = := (2, )nen, we claim z € ¢4 and Tx = 6,

consider the partial sum:

|z |7

N N

M
g ’mn’q = E Tpty, tn:= Tn
n=1 n=1

0, T =0,

N N
= Z tn0(e,) =06 Z tnenm, since 6 is linear.
n=1

n=1
N N )
< N6l || 3 tnenl, = 16l (3 Ital?)?
n=1 n=1
N N
0|\ py 2 (q—1)py -
= [|0]ler—r (D ( ) )7 =110l (D laal@DP)?
n=1 n n=1

B =

N
= [6llrsr (D l2nl?)
n=1

. 1 1
, since — 4+ — =1.
p q

N
_1
= (D |zl 77 < [O)lrsz
n=1

Q|

< |10llev

= (Z: [2nl?)



Therefore x € ¢9.
For the second, for arbitrary y € ¢P:

(Tz —0)(y) = (Tx — hm Z Yn€n = hm (Tx — Zynen

= A}gnoongl yn(Tx — 0)ey,

and since [Tx)(e,) = x,] for each n, and 6(e,) = z, by definition, so we conclude the

difference between T'x and 0 is 0 for all y € ¢P, which means Tz = 6.

(Special case: Consider p = 1 and g = oo, § € (£1)*, since 0 is bounded, then sup |z,| =

neN
sup [0(e,,)| < M for some constant M, so x € £*° by definition. Then use the same
neN
technique above to conclude Tz = 6.)
Isometry: It is sufficient to check |Tz|| wop = l7llg, and we already know
S l . . .
HT:L‘HEP_W <zllg = (X Jznl?) e < [|0]lrsr = HTxHép_)F, and this also implies the

injectivity.

Therefore we find an isometric isomorphism from (#2)* to ¢4 which means (¢P)* = (4.

!'Note this sum should be a sequence, and since it has only finitely many non-zero terms, so it has a norm
in /P actually.



2 ba space

Definition 2.1 (Algebra on a set [5]). An Algebra A on the set € is a collection of
subsets of 2 st:

1.0 e A,

2.YVA,Be A, AUB € A and A° € A,
Note after the second we immediately have:

3. ANB = (AU B¢ € A,

4. A/B=ANB°e A,

5. Q¢ A

Definition 2.2 (Finitely additive measure or Charge[p]). Given a set © and its algebra
A, then the charge of (2, .4) is a function

pw:A—R

s.t:

-0,
2. p(Ll, Ai) = 30 1w(Ay) for any disjoint finite subsets Ay, ..., 4, € A.

Example 2.3. 1. Let X = {1,2,3}, and an algebra on it is:

A= {0,{1}, {2}, {3}, {1,2},{2,3}, {1, 3}, {1,2,3}}

then we define the charge p by:

(1)) = 1, u({2}) =2, p({3}) == 3 and u(4) == 3 u(i).

i€EA

we can easily check this p satisfies the conditions for charge.

Definition 2.4 (Bounded [7]). A charge y is called bounded if

sup 3 ()] < o
finite
partition {A;}

Note: Finite partition {4;} is the union of some finite subsets A; which in the algebra

A on ) s.t they are pairwise disjoint.



Definition 2.5 (Total variation[G]). The total variation of p on A is defined as

(@)= sup > |u(A)]

finite
partition {A;}

Fact: the total variation is the smallest positive charge A such that A(Q) > |u(A)| for
every A C .

Definition 2.6 (ba space). The ba space ba(f2,.A) is the norm space which contains
all bounded charges of (€2, .4), and the norm of the space is defined to be:

Il == sup > |u(Ai)].

finite
partition {4;}

Note: we can check that this “norm” is actually a norm:
1. It is clear that for every charge u, sup ) |u(A4;)] > 0. If sup > |u(A;)| = 0,
consider the partition {A,Q\ A}. Then

H(A) + @\ A) =0 = u(4) =0 and u(Q\ A) = 0.

Since A is arbitrary, we get u = 0.
2. Homogeneity and the triangle inequality hold by straightforward arguments.

Proposition 2.7 (Completeness of ba space). (£2,.4) is complete (i.e. a Banach space).

Proof. Suppose we have a Cauchy sequence {u,} C ba(f,.A), which means:
Ve >0, AN e Nsit. Vn,m > N = ||un — ]| < €.

This implies: if we choose an arbitrary subset A € A, since {A, Q\ A} is a partition

of €, we have
1 (A) = i (A)] < Nl — || < €

by the definition of the norm. Hence {y,,(A)} is a Cauchy sequence in R, so it converges
to some limit by completeness of R, denoted p(A). We claim that y is the limit of {u, }
in ba(Q2, A).

First we need to check this limit is actually in (£2,.4) i.e it is |ﬁnitely additivd and

bounded

Finitely additive: Let A, B € A be disjoint. Then
pn(AU B) = pp(A) + pn(B).
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Taking limits as n — oo,
p(AUB) = lm pin(AUB) = 1im (pn(A)+pn(B)) = Hm pn(A)+ lim pn(B) = p(A)+p(B).

By induction, p is finitely additive on A.

Boundedness: We show ||u|| < co. Observe

= sup A = sup lim Al
= s Yla(adl = s 3 i ()
partition {A;} partition {A;}

Since each partition is finite, we can exchange limit and finite sum:

S| tim g (A9)] = lim D e (A9)] < Tim (3 e (AD)]).

Because {u,} is a Cauchy sequence in a normed space, it is bounded. Hence there

exists some constant C' such that
Z |n(A4;)] < C  for all finite partitions {A4;},

and therefore ||u|| < C < oco. Thus p is bounded.

Converge to u:
since p,, is Cauchy, so Ve > 0,4N st Vn,m > N:

i —pll = sup D |un(A) = p(Ad)]

finite
partition {A;}

< sup (D (A = pn (AN + Y I (A) = A

finite
partition {A4;}

<€

hence 1i_>m fn, = p in ba(2,.A). O

Definition 2.8. Given a set A C X, then 14 is the map:
1, z€A,
Tg0: X — {0,1}, ]lA(ac) =
0, z=¢A.

Note that when X = N and 1 4(n) is actually a sequence defined by A.



Definition 2.9. Let (2, A) be a measurable spaceaand p € ba(Q, A).

(1) pt:A—R pt(F)=sup{u(E): ECF, E € A}.
2 p:A-R pu (F)=—-inf{uw(E): ECF, Ec A}.
3) p:A—-R p=pt+ .

We can check p is actually the of the ba space we defined above.

Proposition 2.10. We can easily check both u™ and p~ € ba(2,.A), and they are all

positive charge.

Definition 2.11. [[7] Let p € ba(2,P(2)) be a charge. First suppose p is positive.

e Let a =3 a,14, be a bounded sequence (a, > 0) with Ay, As,..., Ay C Q

pairwise disjoint. Define

N
[ adi=3" aun(a)
Q n=1

Now suppose p is a general finitely additive measure in ba(Q2, P(2)).
e Write = u™ — pu~. Define for all z € L™,

/xdu:/:vd,u’L—/:nd,u_
Q Q Q

Theorem 2.1. For a countable set 2, the dual of £*° is ba(£2,.A).

Proof. For A € §2, define a map
T: ()" — ba(Q,A)

() = o
where p1p: A — R, pg(A) =0(14)
Not like the [P, we don’t need to worry about the well-defined, since the map T is
define by a linear and bounded map 6 already.

Note if €2 is a countable set, then we can enumerate the x with the natural number n

to be its index and think of 1 4 as a sequence.

2the measurable space is a set with a o — algebra on the set. The definition of o — algebra is similar as
algebra but it is stronger since it talks about countable instead of finitely, but we won’t go deeper on it.



Boundedness and finitely additive : Check the two conditions by linearity of 6:
po(0) = 0(1g) = 0(0) = 0. pg (LIy As) = 0Ly Ai) = 2271 0(Ai) = 220y po(Ai)

Consider
o (A)] = [0(La)[ < [0l (goey+ 1L alloo < [|0]](gocys < 00
so g is bounded.

Surjectivity : Let u € ba(f2,.A), define:

0:0° —R H(x):/xdu
Q

we claim T'(0) = p, first show this 0 is well-defined: linearity is clear by the definition
of integral, for the boundedness, let Ay, As,..., A, be a finitely partition of €2, and

consider

@ =1 [ wdn = | [ s~ [ sdu| < [ fald* + / el du™
/ lellood™ + / e lloodis™ <vaHooZu +||x||ooZM A)

= [[zlloos™ () + ll2llocrs™ (2)
< [lzlloollrellba < o0

and VA C Q, we find: T(0)(A) = pg(A) = 0(14) = [, Ladu = p(A).

Isometry : We want to show [|0| ey« = ||11g|[se for all & € (£°)*, we first prove the

one side inequality: let z € £ st ||z||cc < 1 and let a € £*° st it is bounded, so we
N

can write a = > a,14,, where A; are some pairwise disjoint subset and «; is some
n=0

real constants. Since the set collects all such a is dense in {*° (further more |a,| < |z,|

which can be easily shown), so for the chosen = and arbitrary positive €, there is an a
st:
o = alloo < o—
[161] g~
= ”9”(@00)*H$ —t|loo <e=|0(z —a)| < e = |0(x)| — |0(a)] < €
= |0(x)| < |6(a)| + €

then we consider

N
- 9(2 an]lAn)
n=1

so we have |0(z)| < ||pollpa + €, by the definition of operator norm and we have chosen

N

N
=D anb(1a,)| <D lenl6(1a,)] < Z [no(An)| < l1olloa
n=1

n=1

r with [[2]|e < 1, so have [|0]] o)« < [|p6]lpa-



For the other side, let Ay, Ag,..., Ay C Q be pairwise disjoint. Take 6, € {—1,1} st
|u(A)| = 6,u(Ay). Define 2 = SN 5,14, then we have ||#]/o < 1. Then

N N N N
D luo(An)l =D Gnpo(An) = D 0n0(La,) = 0( D n(1a,)) = 0(x) < 10(x)] < [|0](p)--
n=1 n=1 n=1 n=1

(10)
Therefore we have the equation which proves the isometry (also injectivity).
Finally we conclude (I°°)* = ba(f2,.A) for countable €. O
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3 Structure of ({>)*

Theorem 3.1 (Hahn-Banach Theorem[6]). Let X be a real or complex normed linear
space, let A C X be a linear subspace, and let # € A* be a bounded linear functional on
A. Then there exists a linear functional ¢ € X* that extends 6 and satisfies ||¢[|x+ =

Note: The proof of Hahn-Banach Theorem can be found in many textbooks and it is

not the key of our study so we will skip the proof here.
Definition 3.1 (Natural Embedding[8]). Given a linear normed space X, its bidual
X** naturally exist, and there exists a mapping:

J: X — X

J(x)=Jy,x e X

where J, € X** and is given by

Je: X —R

Jp(2¥) =2 (z), ¥ € X*

morever [z x = [|Jz[[x-.

This J is called the natural embedding of X to X** and the image of J is denoted as
X.
Proof.

|Jx(2%)| = 2" (z)| = |x Nz x —— T || ’ = ! H || |x||X‘ since z* is linear
< |lz*||x+||x||x by the definition of pperator norm

so we have:

[allx== = sup  |Jo(2®)| < sup 2% x-lz]x = ||=]lx

" || x> =1 || xx=1
rreX* rreX*

On the other side, define X; =z € X : ||z x = 1, then for || - [|x, € X;* and

[Banach Extensionl, we have a corresponding y* € X* s.t

(D) g (1) = z1llx, = 1, Vo € X,
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@) lylx =l lIxllx-= swp oy, =1

|$1 X1:1
T1€X1
therefore
[Jolloer = sup  [|Jo(2")] > |Jo(y")| from (2)
flz* || x==1
rreX*
= y*(z)| = [lz|x, Vo € X
Combine both side, we have ||J;|/z= = [|z] x. O

Proposition 3.2. For every linear norm space X, we have X C X**.

Proof. From the existence of natural embedding, X = J(X) C X**.

Also note that in general we have the strict inclusion since embedding may not be

surjective.
Below is a classical example which tells why we can’t have true in the
other direction. O

Example 3.3. (£>°)* 2 1

Proof. All the elements in ! should be understand as a linear map Ty (y) = 3 Tn¥n
n=1

where (z,,) € ! and (y,,) € €.
Hence we need to find one bounded linear map in #°° which is not in ¢! i.e it can’t be

written as the above given form:

Consider the Banach space ¢ < ¢*° which is a countable space and contains all the

convergent sequences. Then we define a map f : ¢ — R by f(z) = lim xz,, it is

bounded and linear by fundamental algebras, and now using IHahn—Banz;ch Theorerd,

this map can be extended to E”Eby g: > — R.

Now suppose this g is in the summation form, for every (z,,) € £*°, we would have

Tn = g(en) = f(en) =0

for every n € N, this means g is identically zero, but since g(1, 1, ...) = 1, so contradic-
tion. ]

3note the dual of ¢! is £°
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Definition 3.4 (Reflexive). If the hatural embedding of X to X** is bijective i.e

X = X**, we call X reflexive.
Example 3.5. By Example 3.3, ¢! is not reflexive.

Lemma 3.6. The closed subspace of a reflexive Banach space is also reflexive.

Proof. Suppose Y is a closed subspace of a reflexive Banach space X, then consider

the natural embedding;:
J:Y — Y™

J(y):Jy7y€Y

choosing any 6 € Y**, we must show Jy € Y, s.t J, = 0.

First define z** € X**, s.t ™ (2*) = Q(x*\y)g, then by the reflexivity of X, 3z € X,
s.t J; = 2™, and we claim this J, is exactly the J, we want, this means the x should
be the element of Y. Assume it is not and Y is a proper subspace of X, then by
Banach Theorem|, we know 3¢ € X*, s.t ¢(x) =1 and ¢y = 0 (note Y is closed), so
(@) = Jz(¢) = ¢(x) = 1, but on the other side z**(¢) = 0(¢|y) = 0, contradiction.
IfY = X, it is trivial.

Left to prove J, = 6: for any y* € Y*, let 2* € X™ be the lHahn—BanaCh extensionl of
it.

Jo(y7) = y' (@) = 27 (2) = Jo(a") = 2™ (2") = 0(z"|y) = 0(y").

Proposition 3.7. Let X be a Banach space, then X is reflexive iff X™* is reflexive.

Proof. = For the |natural embeddingj:

Jr X X
J(x*) =T, 2" e X

We must show choosing any 6 € X***, da* € X*, st JJ. = 6, that is for every

42*|y is the linear map * restricted in Y.
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Consider the map # o J, we claim it is the * we need.

Indeed, this map is in X™.
Joo s (™) = y™(0 o J) by definition of natural embedding

by the reflexivity of X, we know Jz € X, s.t J, = y**, so

y*O@oJ)=Jy(0oJ)=(00oJ)(x)
0(J(x)) = 0(J)
0(y™)

<= First note that the image J, (which is X as the notation above) of the natural
embedding J : X — X** is isometric isomorphic to X, since J preserves the norm
and it is indeed surjetive.

Hence we only need to prove X = X**_ Consider a sequence z,, in X (then J(z,) is
naturally a sequence in X ), now suppose J(z,) — y, since J preserves the norm,
|z — zm| = ||J(xn) — J(xm)]|, sO =, is Cauchy, and it has a limit = in X, since J is
continuous so we have J(z,) — J(z) = y, which means y € X, so X is closed. Also
we know X** is reflexive, so by , X = X is also reflexive. O
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